Abstract. The Stekloff eigenvalue problem (1.1) has a' countable number of eigenvalues (Pn }n= 1,2 . . . . . each of finite multiplicity. In this paper the authors give an upper estimate, in terms of the integer n, of the multiplicity of Pn, and the number of critical points and of nodal domains of the eigenfunctions corresponding to Pn.
Here and in what follows, we use the complex coordinate z x + iy in the plane.
The study of this eigenvalue problem was started by Stekloff [St] in 1902. In 3,
we recall the definitions of Stekloff eigenvalues and eigenfunctions; a review of their known properties can be found in Bandle [B] . Research on this subject has been mainly devoted to estimates on eigenvalues (see, for instance, In-P-S] and also [B] for further references). Let us mention in passing that, in connection with applied problems in fluid mechanics, mixed type problems also have been considered (see [F-K] ). Typically, 1993. in such problems, we assume that (1.1b) holds only on one portion of 0t, whereas on the rest of OFt, AVu. u 0 is assumed.
Our main results, which are summarized in Theorem 3.2, consist of estimates on the multiplicities of Stekloff eigenvalues and the numbers of nodal domains and of critical points of Stekloff eigenfunctions.
One up-to-date motivation of our study of the Stekloff eigenvalue problem comes from the so-called inverse conductivity problem: suppose that the coefficient matrix A (the conductivity) is unknown; we wish to determine it, or, more generally, to recover partial information about it from the knowledge of the so-called Dirichlet to Neumann map AA. Here, AA H1/2(0t) H-1/2(O) is defined as the operator that maps the Dirichlet data ulo for (1.1a) into the corresponding Neumann data (see, for instance, [Sy-V] , [Sy] In addition to the possible applications to inverse problems, the authors have been inspired by the work of Payne and Philippin [P-P] on questions of symmetry related to the Stekloff eigenvalue problem (see also [A-M2] [P-P] .
The flavor of our results is similar to those of Cheng [C] for the eigenfunctions of the Laplacian on surfaces; however, the methods in the proofs and the specific results are different because of the intrinsic differences between the two eigenvalue problems.
To mention the most apparent peculiarity of Stekloff eigenfunctions, observe [B-F-I] , [P] , [Su-U] These definitions are based on the crucial remark that the unique continuation property and a representation theorem also hold for solutions of (1.1a). We have not been able to find in the literature theorems of such a kind for equations like (1.1a), whereas they are well known for equations with smoother coefficients (see [Sch] ) and for equations not in divergence form (see [B-N] ). Although the method of proof of such results may sound familiar to the experts in quasi-conformal mappings and complex analytic methods, we include our own proofs of the unique continuation property and of representation formulas for solutions of (1.1a) (Theorem 2.1 and Corollary 2.2). We trust that these results might be of some independent interest and that they can find useful applications, especially in the field of inverse problems.
We conclude this introduction by pointing out the following consequence of such results. In [A] , [A-M1] , when the coefficients in (1.1a) are smooth, an estimate on the maximum number of interior critical points of a solution u E CI(Ft) C? C2(f) of (1.1a) was given in terms of the number of times some boundary data of u changes its sign on Oft (see [A, Thm. THEOREM 2.1 (representation formula). Let u W1,2(ft) be a nonconstant solution of (1.1a).
There exists a quasi-conformal mapping X f ---+ BI (O) and a real-valued harmonic function h on BI (O) such that (2.1) u=hox in Ft. The dilatation coefficient Xe/Xz of X is bounded by the constant (1 Proof. By (1.1a), the 1-form co -(a12ux + a22uy)dx + (allux + a12uy)dy is closed in f. Therefore, we can find v W1,2(ft) such that dv co. The function v will be called the stream function associated with u, in analogy with the theory of gas dynamics (see, for instance, [B-S] 
where F is a holomorphic function on the disk B1 (0) and X 12 -+ BI(0) is a quasiconformal homeomorphism (see [L-V] Now, we claim that there exist p, 0 < p < R0, a quasi-conformal homeomorphism ) of Bp (0) We now recall a classical definition of the index of a smooth function (see [Mi] We generalize this notion to nonconstant solutions of (1.1a). Moreover, we define the geometric index of u at zo as I (z0, u) lim I (Br (z0) u).
Such a limit exists, since the geometric critical points of a solution of (1.1a) are isolated.
The next lemma gives a sort of justification for the term "geometric" in the previous definitions and shows that these do not depend on the particular choice of the representation (2.1).
LEMMA 2.5. Let u be a nonconstant solution of (1.1a). If zo is a geometric critical point for u with geometric index I I(zo, u), then there exists a neighborhood U c of zo such that the level line {z e U: u(z) u(z0)} is made of I + 1 simple arcs, whose pairwise intersection consists of {z0} only.
Proof. By the representation (2.1), since X is a quasi-conformal homeomorphism, it is enough to look at the level line { e BI(0): h h(x(zo))} near X(zo).
Since I(x(zo), h) I(zo, u) I, then h-h(x(zo)) is asymptotic to a homogeneous harmonic polynomial of degree I + 1 near X(zo).
Remark. Observe that, if u is C in a neighborhood of z0 (which happens, for instance, when A is Hhlder continuous; see [Sch] here ds denotes the arclength element on 0fl (see [St] Proof. By applying (3.7)-(3.9) we obtain the recurrence relation #n+l _ 2 x n k=l #k,n-1,2, Since # I, we obtain (3.10); (3.11) and (3.12) then easily follow from (3.8)and (3.7).
Remark. When n 2, (3.11) gives a2 0. This provides a different proof of Lemma 3 in [P-P] . 
